Abstract. The main subject of this paper is a combined integer-valued autoregressive time series with both positive and negative values, based on a new thinning operator. Some important properties are analyzed. Estimators of the unknown parameters are derived and their asymptotic behavior is analyzed. A simulation and an application on real-data are also shown. In the end, a mechanism for identification and prediction of the latent dimensions of the model are presented.
Introduction
Since the last quarter of the previous century there has been a permanent enlargement of application field of integer-valued time series. There is a particular interest in time series with small integer values, since they cannot be approximated by continuous time series. Models that showed a great ability to fit a numerous group of phenomena and processes, in both nature and society are models from the class of integer-valued auto-regressive (IN AR) time series, based on the thinning operators. They were introduced by McKenzie in [14] and Al-Osh and Alzaid [2] . In these two papers, the binomial thinning operator with the counting series of Bernoulli distributed random variables was used. To the present day, there is a variety of INAR models with different marginals. McKenzie [15] , Du and Li [9] and AlOsh and Alzaid [1] analyzed models with negative binomial and geometric marginals. Freeland and McCabe [11] studied model with Poisson marginals, Ristić et al. [18] introduced a process with geometric marginals based on a negative binomial thinning operator. Later, integer-valued processes with both positive and negative values appeared. Freeland [10] introduced a process with symmetric Skellam marginal distribution. Chesneau and Kachour [7] defined signed IN AR process. Then, Nastić et al. [17] studied a processes with symmetric discrete Laplace marginals and BarretoSouza and Bourguignon [3] processes with skew discrete Laplace marginals. Djordjević [8] gave a generalization of series with discrete Laplace marginal distribution defining SDLIN AR (1) , a model with all four different parameters.
Side by side with a complexity of real-life problems demanding mathematical models, new IN AR processes were developed. Systems where current states do not depend only on the previous but on the last p states asked for IN AR models of higher order. Kim and Park [13] defined a integer-valued autoregressive process of order p with signed binomial thinning, IN ARS(p). Kachour and Truquet [12] also considered the IN AR process of order p with signed binomial thinning. Zhang et al. [25] introduced a pth-order integer-valued autoregressive process with signed generalized power series thinning operator, GIN ARS(p). Ristić and Nastić [19] focused on mixtures of geometrically distributed counting series. Also, Zhu and Joe [26] and Weiss [22] developed a combined IN AR model of pth-order, applicable in situations where the current state depends, with some probability, on one of the last p states. Model presented in this paper is one of that kind. It relies on the results given in [16] .
In Section 2, the definition of the thinning operator (α, β)⊙ and some of its important properties are shown. In Section 3 we introduce a new model of order p, we give its definition and characterization through important properties. Then, in Section 4, conditional least square and Yule-Walker estimators are derived and their asymptotic behavior is described. Finally, in Section 5, we demonstrate identification and prediction of latent components using realization of the defined process. Also, the results of simulation and application on real data are shown.
The thinning operator (α, β)⊙
First, we will give the definition of the thinning operator (α, β)⊙, introduced in [8] , which represents a generalization of thinning operators presented in [17] and [3] . Let the random variable Z has skew discrete Laplace distribution, SDL(µ/(1 + µ), ν(1 + ν)), with parameters µ/(1 + µ), µ > 0 and ν/(1 + ν), ν > 0. The thinning operator (α, β)⊙ is defined in the following way
where α * and β * are the negative binomial thinning operators, defined in [18] as α * X = X i=1 W i , where {W i } is a sequence of independent and identically distributed random variables with geometric, Geom(α/(1+α)), α ∈ (0, 1), distribution, where W i and X are independent random variables for all i 1 and β * Y = Y i=1 V i , where {V i } is a sequence of independent and identically distributed random variables with geometric, Geom(β/(1 + β)), β ∈ (0, 1), and V i and Y are independent random variables for all i 1. Random variables X and Y are independent and have geometric, Geom(µ/(1 + µ)) and Geom(ν/(1 + ν)), distributions, respectively. Also, the counting series in α * X and β * Y, {W i } and {V i } are mutually independent with geometric, Geom(α/(1 + α)) and Geom(β/(1 + β)), distributions, respectively. It should be said that parameters µ, ν, α and β represent the mean value of the corresponding geometric distributions. Several important properties of the random variable (α, β) ⊙ Z will be mentioned.
Proposition 2.1. The random variable (α, β)⊙Z has the following properties:
1. The characteristic function of the random variable (α, β)⊙Z is
2. E((α, β)⊙Z) = αµ − βν;
Using the thinning operator (α, β)⊙, SDLIN AR(1) time series model is defined
time series is based on the N GIN AR(1) model, introduced by [18] . Since in the N GIN AR(1) model has the restriction that α ∈ (0, µ/(1 + µ)], the SDLIN AR(1) model must have it too. It means that to have well-defined distribution of {e n }, as discussed in [18] and [8] , it is necessary to have α ∈ (0, µ/(1 + µ)] and β ∈ (0, ν/(1 + ν)]. Random variables e n , n ≥ 1, are independent and identically distributed integervalued random variables. Also, e n and Z m are independent for all m < n.
Construction and properties of the model
Using the operator (α, β)⊙, we define a combined integer-valued autoregressive time series {Z n , n ≥ 0} as follows
w.p." stands for "with probability" and the following conditions are satisfied 2. the counting series of the thinning operators applied at the moment m are independent of each other and independent of the sequence {e n },
3
. the counting series of the thinning operator applied on the random variable Z n and the random variables Z n−1 , Z n−2 , . . . are independent,
The subscript n in (α, β)⊙ n denotes that the thinning operator is applied in the time moment n, i.e. while the random variable Z n is being generated. Since the thinning operator could be applied up to p times on the same variable Z k , it is necessary to label the moment when the operator is applied.
If the time series {Z n } has skew discrete Laplace SDL(µ/(1 + µ), ν/(1 + ν)), marginal distribution, where α ∈ (0, µ/(1 + µ)] and β ∈ (0, ν/(1 + ν)], we get the model which will be called the Combined Skew Discrete Laplace IN AR process of order p or CSDLIN AR(p).
In the following proposition some of the basic properties of the CSDLIN AR(p) model are shown.
Proposition 3.1. The innovation process {e n } has the following properties:
• The distribution of the random variable e n is
• E(e n ) = µ(1 − α) − ν(1 − β) and
Proof. Using the definition (3.1), independence of random variables (α, β) ⊙ m Z n−i , i = 1, . . . , p and e n and the fact that all Z n−i , i = 1, . . . , p have the same distribution, we get the characteristic function of the random variable e n in the following way.
where the random variable Z has SDL(µ/(1 + µ), ν/(1 + ν)) distribution. Hence, we get that
After some simple algebraic transformations, ϕ en (t) becomes
where
.
Since these functions are characteristic functions of random variables with the skew discrete Laplace distribution, SDL
and SDL α 1+α , β 1+β , respectively, the characteristic function of the random variable e n is presented as a probability weighted sum of four characteristic functions. It follows that the random variable e n could be expressed as a mixture of four mentioned variables. Using the obtained characteristic function, i.e. its first and second derivation, we get the mean and the variation of the innovation process.
Regarding the form of the distribution of the random variable e n and the fact that difference of two random variables with geometric distribution is a random variable with discrete Laplace distribution, we can conclude the following.
where ε n and η n are two independent random variables distributed as
Using representations of the random variable (α, β) ⊙ n Z n given in the Proposition 2.1(2) and representation of the innovation process {e n } from previous corollary, we can present in distribution the CSDLIN AR(p) time series, {Z n }, as a difference of two independent CGIN AR(p) time series, {X n } and {Y n }, defined in [16] with geometrical Geom(µ/(1 + µ)) and Geom(ν/(1 + ν)) marginal distributions and with previously mentioned {ε n } and {η n } as their innovation processes.
Remark 3.2. Let {Zn} be a CSDLIN AR(p) time series defined in expression (3.1) and {Xn} and {Yn} two independent CGIN AR(p) time series defined as
where {εn} and {ηn} are two mutually independent sequences of identically distributed random variables. Then Zn
Remark 3.3. The CSDLIN AR(p) process is a Markov process of order p. The Markovian property follows from its definition. The transition probabilities of the CSDLIN AR(p) time series {Zn} can be calculated using transition probabilities of SDLIN AR(1) model from [8] .
)pe(l) , j < 0, pDNB(k; r, p; l, q) is a probability mass function of the random variable that represents a difference of two independent random variables with a negative binomial distribution,
, k<0, pe(l) is the probability mass function of the innovation process {en},
and 2F1(k, l, m, p) is the Gaussian hypergeometric function. Proof. Using the obtained transition probabilities, the Markovian property and the identical distribution of the time series {Z n }, strong stationarity can be proven as follows.
Let A n,k , n, k ∈ N be the event
To prove strong stationarity it will be enough to show that P (A 0,k ) = P (A n,k ).
Since transition probabilities p Z (k, l) do not depend on the position of the elements in the series but only on the distance between the elements, we have that
. Substituting the mentioned probabilities and tracing back it follows that
Regarding the ergodicity, we can use the definition 6.30 from [5] that the stationary process {Z n } is ergodic if every invariant (in respect to the process {Z n }) event has probability 0 or 1. According to the Proposition 6.32, also from [5] , every invariant event in respect to a stationary process is, also, a tail event. But, for every n ≥ 1, σ-algebra F (Z n , Z n−1 , . . . ), which is generated by random variables
and V (k) are the counting series {W i } and {V i } that generate random variable Z k . Due to the independence of the random series {e n , W (n) , V (n) }, applying the Kolmogorov's 0 − 1 law, every tail event has probability 0 or 1, which confirms the ergodicity of time series {Z n }.
In order to simplify some of the following expressions, let Z + n = Z n I {Zn≥0} and Z − n = −Z n I {Zn<0} .
Proposition 3.3. One-step ahead conditional expectation and variance of the
CSDLIN AR(p) time series {Z n } are E (Z n |H n−1 ) = (α − β) µν 1 + µ + ν + µ(1 − α) − ν(1 − β) + α p i=1 φ i Z + n−i − β p i=1 φ i Z − n−i , V ar (Z n |H n−1 ) = V ar(e n ) + (α − β) 2 µ(1 + µ)ν(1 + ν) (1 + µ + ν) 2 + µν α(1 + α) + β(1 + β) 1 + µ + ν + α p i=1 φ i Z + n−i (1 + α + αZ + n−i − α p j=1 φ j Z + n−j +β p j=1 φ j Z − n−j ) + β p i=1 φ i Z − n−i (1 + β + βZ − n−i +α p j=1 φ j Z + n−j − β p j=1 φ j Z − n−j ).
Proof. Using the property 4. from Proposition 2.1 and Proposition 3.1 it follows that
Again, using the results from Proposition 2.1, the conditional variance becomes
Regarding the correlation structure, we have the following results 
where 
Proof. Using the Markovian property, we get that
Proof. First, we should prove the equality
Using the property of the SDLIN AR(1) time series, e.g. {Z (1),n },
that could easily be proven by mathematical induction, we get the following
Next, in the similar way as it was done in the proof of the Theorem 8 in [8] , it could be derived that
Namely, we have
According to the previous results, it is implied that
A more general statement can be proven,
Using the properties of conditional mean and the fact that process history of the moment n is contained in the process history of the moment n + k − 1, we get
And due to the independence of series {X n } and {Y n }, we have that Cov(X n+k , Z n ) = Cov(X n+k , X n ), which implies that Cov(Z + n+k , Z n ) = Cov(X n+k , X n ). Analogous equations could be derived for a "negative" component {Y n },
Regarding the correlation structure of the CGIN AR(p) time series, shown in [16] , the auto-covariance functions of the time series {X n } and {Y n } satisfy considered recurrent equations, so, the cross-covariance functions γ ZZ + (k) and γ ZZ − (k) do it too.
Since CSDLIN AR(p) time series {Z n } is strictly stationary and ergodic, it could be proven that series {Z Proof. Let (Ω, F , P ) be the probability space. The random variable Z + n = Z n I {Zn≥0} could be presented as a function of a random variable Z n , Z
. Regarding the fact that function g(·) is a composition of F -measurable functions, it is F -measurable as well. According to the Theorem 3.35 from [23] , it follows that Z + n is strictly stationary and ergodic. Analogously, strong stationarity and ergodicity could be proven for the series {Z − n }. Since covariance and cross-covariance functions satisfy shown recurrent relations, it follows that they exponentially tend to zero as lag size tends to infinity. Namely, if γ p,max = max
This fact places our series into the class of asymptotically uncorrelated series. Also, from every state of the time series {Z n }, it is possible, after a finite number of steps, to arrive to any other state. In other words, for any two positive integers i and j, there exists a finite positive integer m so that P (Z n+m = j|Z n = i) > 0, i.e. time series {Z n } is irreducible. The time series {Z n } is aperiodic too, since from each state it is possible, after a finite, nonnegative number of steps, to come back to the same state, i.e. for any two integers i and m ≥ 1, P (Z n+m = i|Z n = i) > 0. Regarding the Markovian property, irreducibility and aperiodicity, according to Theorem 3.2 from [4] , the time series {Z n } is a strong mixing.
Estimation of the unknown parameters
To obtain the estimators of the unknown parameters of the CSDLIN AR(p) model, we will, first, use the conditional least squares method. Let (Z 1 , Z 2 , · · · , Z N ) be a random sample of the CSDLIN AR(p) process. The sum of squares that should be minimized is
1+µ+ν , we get
The equations obtained by partial derivatives ∂Q ∂M + and ∂Q ∂M − are equivalent. That fact leads us to the conclusion that we will not have enough equations to solve the system. For that reason, let
In that way, we will not be able to determine the estimators for M + and M − , i.e. for µ and ν but only for the expression M = (1−α)µ(1+µ) 1+µ+ν
. With this change, the sum of squares is
The system consisting of equations
where the superscript (k) refers to the sample mean of N − p elements which are located after the k-th element of the sample,
represents the sample cross-covariance of two subsequences of the series {Z ′ n } and {Z ′′ n }, having length N −p, located after k-th and after l-th element, respectively, i.e.
Solving the system using Cramer's rule, we obtain that
where D * i and D * are determinants of the Cramer's rule for the matrix of the system. Since
Since we get, for each φ i , i = 1, . . . , p, two estimators, as the final estimator we can use the mean of these two,φ 
But,
If we add and subtract the expected value of the variable T ≡
where c = a 2p+1 + ET. Next, we get
The equality of the last expression to zero implies that V ar(T ) = 0 and c = 0. In the case of the time series {Z n }, we will show that V ar(T ) = 0 implies that a i = 0, 1 ≤ i ≤ 2p. The fact that V ar(T ) = 0 means that T = const, almost sure, which implies that random variables Z T . On its diagonal there are variances, which are greater than zero. Secondly, the covariances between the elements of the random vector are γ Z + (k),γ Z − (k),γ Z + Z − (k) and γ Z − Z + (k) which all exponentially tend to zero, when k tends to infinity. According to the Proposition 5.1.1 from [6] , these two facts ensure that covariance matrix is regular. The regularity of the covariance matrix excludes linear dependence between variables, so the only possible case is T = 0 and a i = 0, 1 ≤ i ≤ 2p. With the fact that c = 0, we have that a 2p+1 = 0 and we have all three conditions of the Theorem 3.1 from [21] fulfilled. Hence, the estimatorsθ Regarding the asymptotic normality of the estimators, we should consider the Theorem 3.2 from [21] . Since function f n|n−1 = V ar(Z n |H n−1 ), the condition D1 demands all the elements of the matrix
to be finite. To prove that, it would be enough to show that for join moments stands E(A k1 B k2 C k3 D k4 ) < ∞, where random variables A, B, C and D could be Z
Using the definition of the random variable Z + n−i , we have
Analogously, for the random variable Z − n−i we conclude the same. Next, using the Cauchy-Schwarz inequality, we have
It means, according to the Theorem 3.2 from [21] , that the vector of estimates is asymptotically normally distributed,
where θ ′ = (θ 1 , . . . , θ p , ξ 1 , . . . , ξ p , M ) T and U is a block matrix
Let us, now, define a function
with coordinate functions:
Since g(θ 
To obtain estimators of parameters α, β and φ i , i = 1, 2, . . . , p, we use the systems of equationŝ
Replacing αφ i with θ i and βφ i with ξ i , using the fact that p i=1 θ i = α and p i=1 ξ i = β and applying Cramer's rule, we get the solution:
where D, D Ai , D Bi are appropriate determinants used in Cramer's rule. Again, as the final estimation of parameter φ i we will use the mean ofφ
The obtained determinants are polynomials of covariance and cross-covariance functions, so, the obtained estimators are rational functions of covariance and crosscovariance functions. Since the time series {Z n } is ergodic and strictly stationary and, according to the Theorems 3.34 and 3.35 from [23] , sample covariations are strongly consistent estimators of corresponding covariations. As rational functions of strongly consistent estimators, statisticsθ
, 1 ≤ i ≤ p, are strongly consistent too. In the same way, as it is done in [20] , it could be shown that sample autocovariance and cross-covariance functions of time series {Z n }, {Z + n } and {Z − n } have an asymptotically normal distribution. It means that
where the vector of statisticsθ
where 1 ≤ i, j ≤ p + 1 and matrix C is the Jacobian of mapping which transforms sample covariances, by Cramer's rule, i.e. equations (4.1), into statisticsθ
Then, using the function
we map the vector of estimators (θ
According to the Proposition 6.4.3
. . , p are asymptotically normal too. Speaking in the form of a theorem, we have the following.
Theorem 4.2. Statistics obtained by the Yule-Walker method,μ
Y W ,ν Y W ,α Y W , β Y W andφ Y W i , i = 1, . . .
p are strongly consistent and asymptotically normal estimators of corresponding parameters of the CSDLIN AR(p) model,
where the vectorθ
T and the vector θ = (α, β, φ 1 , . . . , φ p , M ) T and matrix G is the Jacobian of mapping g * .
Simulations, real data application, identification and prediction of latent components
In this section some practical results will be presented. First, in order to illustrate the influence of the parameters to the form of the time series and asymptotic behavior of the obtained estimators, for different true values of the the parameters, we simulated 1000 samples and then we calculated estimators and some quantifiers of the estimation quality. Since in the subsection with real data application it turned out that the model of order three was the most adequate, we chose to simulate the model of order three. Then, we will present application on real data and comparison with other models. Last but not least, an interesting application will be shown. Since skew discrete Laplace distribution can be presented as a difference of two geometrically distributed components, we try to identify and predict these two opposite latent factors influencing our process.
Simulations
To confirm the conclusions about the asymptotic properties of the obtained estimators, we simulate, for different true values of model parameters, 1000 series of CSDLIN AR(3) time series, each of size N=5000. Simulations were performed using the Monte Carlo method. For simulations, the fact that the CSDLIN AR(p) process can be presented as a difference of two CGIN AR(p) processes was used. First, for both CGIN AR series, three initial values are generated as realizations of geometrically distributed random variables. Then, using the definition of the thinning operator (α, β)⊙ m , the rest of the sequence was generated. In the end, the CSDLIN AR ( are used to obtain parameter estimates. Unfortunately, by the conditional least square method we couldn't obtain the estimates for parameters µ and ν but only for their function M = (1 − α)
1+µ+ν . To illustrate stationarity of the estimators, for each model, samples of four different sizes are used, 500, 1000, 3000 and 5000. The results of estimation are shown in Tables 5.1 and 5.2. Obviously, both methods give estimators that converge to the true values of parameters. Regarding precision and stability of the estimators, we could say that, in case of parameters α and β, estimators obtained by the conditional least squares Table 5 .1: Realizations of estimators for parameters µ and ν and their standard deviations (in parentheses) 
Real-data application
Time series based on thinning have found their application in many fields of real life thanks to the ability to model a number of random events or elements of a population whose changes could be caused by surviving of existing elements, new incomers or new elements that could be results of interactions of existing ones. Originally obtained as a difference of two IN AR series, CSDLIN AR model could be adequate for comparing two systems or two phenomena with the mentioned properties. Here, we focused on the analysis of criminal data. We would like to compare the efficacy of two police stations in handling different kind of offenses. Fig. 5.5: Differences in numbers of reported prostitution incidents between police stations 36055001600 and 36055006000 (a1) and drug offences between police stations 36055001600 and 36055009500 (a2) and auto-correlation functions (a2, b2), respectively ported to the police stations 36055001600 and 36055009500 and then, we considered the incidence of prostitution reported to the police stations 36055001600 and 36055006000. In order to show advantages and defects of the CSDLIN AR(p) model, we compared it with some existing models, in this case with CIN ARS(p) model, introduced in [25] , with the SDLIN AR model of order one, previously introduced in [8] and with CSDLIN AR (2) . Models of order one and two are presented to demonstrate how fitting performances are rising as the order of model is getting higher. In the table 5.3, parameter estimates and the RMSE goodness of fit criterion for each of chosen models were showed. Also, on the Figure 5 .5, the trajectories of the data and the corresponding CSDLIN AR(p) model and values of the auto-correlation functions of the realized samples were showed.
According to the RMSE criterion, we could say that, for chosen data, the CSDLIN AR(3) model is more appropriate then other two models. It could be seen that CSDLIN AR model follows well the pattern of considered data. But, also, it should be mentioned that, due to a similar form of the conditional expectation, the CIN ARS and CSDLIN AR models differs slightly and that their predictions differ in very few points. (3) 
Identification and prediction of latent components
The fact that that the auto-correlation functions of CGIN AR processes {X n } and {Y n } can be expressed through the terms of Z n and the expression for expectation of random variables X n+k and Y n+k conditioned on the random variable Z n , given in the proof of the Proposition 3.5, open the possibility to identify and reconstruct or, even, predict the latent components {X n } and {Y n } of the CSDLIN AR process {Z n } only on the basis of realization of the time series {Z n }. Namely, the expectations of random variables X n+k and Y n+k conditioned on the random variable Z n are
For k = 0, we can get the formula that allowed us to reconstruct the latent com- In the case of our real data, the numbers of drug offences and prostitution incidents, we were able to check these formulas, since we already had the data from individual police stations. On the Figure 5 .6, the number of drug offences reported to the police station 36055001600 and its reconstruction based on the realization of time series {Z n } (a) and its one step ahead prediction (b) are shown. The obtained RMSE values are 2.854 and 2.545, respectively.
Summary
In this paper we have presented the construction and most important properties of the combined SDLIN AR model of order p. Its marginal distribution is, in general, the skew discrete Laplace distribution. We have shown the Markovian property, strict stationarity and ergodicity of the presented model and, also, its conditional and correlation structure. The conditional least squares and Yule-Walker estimations have been derived and their strong consistency and asymptotic normality have been shown. In order to illustrate the asymptotic behavior, we have generated 1000
samples of size 500, 1000, 3000 and 5000. On real-life data we have shown that this model has good fitting ability as well as the ability to reconstruct and predict latent components affecting it. This model, by appropriate choice of its parameters, could be transformed to some other existing models. With φ 1 = 1 it becomes the SDLIN AR model of the first order presented in [8] . With α and β that are equal, it transform to the ST IN AR model, proposed in [3] . If we equal α and β and then µ and ν too, we get the symmetric DLIN AR model introduced in [17] . With one of these parameters equal to zero, this model is reduced to the N GIN AR model presented in [18] .
A direction of following research could be increasing the dimension of the process and analyzing the model that represents s difference of two dependent N GIN AR processes.
